Abstract. Existence of a conjugate point in the incompressible Euler flow on a sphere and an ellipsoid is considered. Misio lek (1996) proposed a criterion (we call M-criterion) which is a reasonable sufficient condition of the existence of a conjugate point. In this paper, it is shown that any zonal flow (stationary Euler flow) does not satisfy M-criterion if the background manifold is a sphere, on the other hand, some zonal flows satisfy M-criterion if the background manifold is an ellipsoid (even it is sufficiently close to the sphere). The conjugate point is created by the fully nonlinear effect of the inviscid fluid flow with differential geometric mechanism.
Introduction
In Jupiter, we can observe stable multiple zonal jet flow, and its mechanism (which is not well clarified so far) has been attracting many physicists. The incompressible 2D-Navier-Stokes equations on a rotating sphere is one of the simplest model of it, and many researchers extensively have been studying this model. Williams [15] was the first researcher who found that turbulent flow becomes multiple jet flows on such a model. However he was assuming high symmetry to the flow field. After that Yoden-Yamada [16] and Nozawa-Yoden [11] progressed it further. In particular, Obuse-Takehiro-Yamada [12] calculated non-forced 2D-Navier-Stokes flow (without symmetry to the flow field) on a rotating sphere, and observed multiple zonal jet flows merging with each other and finally, only two or three broad zonal jets remain. Thus, it seems we need to find a totally different idea to clarify the existence of stable multiple zonal jet flow in Jupiter (for the recent development in this study direction, see Sasaki-Takehiro-Yamada [13, 14] ).
However, it seems none of study have tried to see the effect of the background manifold itself. In the above simplest model, the background manifold is a "sphere", but the real Jupiter is not a sphere. It has a perceptible bulge around its equatorial middle and is flattened at the poles (see [5] ). In this paper, we look into the effect of the background manifold, in particular, clarify the crucial difference between sphere and ellipsoid. Let us explain more precisely. Misio lek [7] showed Lagrangian instability of the stationary Euler flow with zero pressure term on a manifold with non-positive curvature. He proved it by using differential geometric technique, in particular, using Jacobi field. In this case, solutions to the Euler equations are geodesics. Note that we can regard negative curvature along geodesics and (more weakly) non-existence of conjugate point as Lagrangian instability. See also Nakamura-Hattori-Kambe [10] for the explanation of Lagrangian instability. In this study, thus we can regard the existence of a conjugate point as a sort of Lagrangian stability (for the definition of the conjugate point, see Definition 1) . After that, Misio lek [8] proposed a criterion (we call M-criterion, see (1.3) and (2.11)) which is a sufficient condition to the existence of a conjugate point. He showed there exists a conjugate point along a geodesic of the diffeomorphism group D s µ (T 2 ) of the 2-dimensional flat torus T 2 . Note that the conjugate point is created by the fully nonlinear effect of the inviscid fluid flow with differential geometric mechanism. In this paper, we show that any zonal flow (stationary Euler flow) does not satisfy Mcriterion if the background manifold is a sphere, on the other hand, some zonal flows satisfy M-criterion if the background manifold is an ellipsoid (even it is sufficiently close to the sphere), in particular, having a bulge around its equatorial middle and is flattened at the poles.
For the precise statement of our main theorem, we briefly recall the theory of "diffeomorhphism group" in the context of inviscid fluid flows and M-criterion. See Section 2 for the detail.
Let (M, g) be a compact n-dimensional Riemannian manifold without boundary. Write 
with a scalar function (pressure) p(t) determined by u(t). In this context, the existence of conjugate points along a geodesic η on D We call the following criterion, which is essentially proved by Misio lek, for existence of conjugate points M-criterion. Set 
Remark 2. This fact is not explicitly stated but essentially proved in [8, Lemmas 2 and 3] . See Section 5 for the proof of the case that dim M = 2. In that section, we clarify more the meaning of W ∈ T e D s µ (M ) satisfying M C V,W > 0. We are ready to state the our main theorems: Let M be a 2-dimensional ellipsoid or a sphere, more precisely,
} for some a > 1 (having a bulge around its equatorial middle and is flattened at the poles) and a = 1 (sphere). We regard M as a Riemannian manifold by the induced metric g from R 3 . We say that a vector field V on M is a zonal flow if V has the following form:
for some function F : [−1, 1] → R. In other words, V is a product of a function F (z) and the flow of the rotation on xy-axis (This flow is nothing more than a Killing vector field on M a ). Recall that the support of a vector field of V on M is a closed subset of M defined by the closure of {x ∈ M | V (x) = 0}.
On the other hand, in the sphere case, we have the following:
Remark 3. M-criterion itself cannot be necessary condition for ensuring the existence of a conjugate point. If both V and W are Killing vector fields on a sphere, then this combination induces the existence of a conjugate point (see Remark 2 in Section 3 in [8] ). Thus it would be important to clarify the relation between these Killing vector fields and M-criterion.
Since this study is interdisciplinary, we first try to explain differential geometry step by step, and then finally we prove the main theorems. Therefore, in Section 2, we briefly recall basic facts and prove some results of the theory of diffeomorphism group in the context of inviscid fluid flows, and apply these facts to our problem in Sections 3 and 4. Moreover, we sophisticate the meaning of W ∈ T e D s µ (M ) satisfying M C V,W > 0 and prove M-criterion in the case dim M = 2 in Section 5.
Preliminary
In this section, we recall that the theory of diffeomorhphism group in the context of inviscid fluid flows. Our main references are [2] and [7] .
Let (M, g) be a compact n-dimensional 
s divergence-free vector fields on M which cover η. Therefore the metric (2.1) induces a direct sum:
which follows from the fact that the gradient is the adjoint of the negative divergence. We write P η and Q η for the projection to the first and second component of (2.2), respectively.
, where e ∈ D s µ (M ) the identity element. Then we have
Proof. Obvious by (2.2).
The metric (2.1) also induces the right invariant Levi-Civita connections∇ and ∇ on D s (M ) and D s µ (M ), respectively. This is defined as follows: Let V, W be vector fields on
class vector field on M by Sobolev embedding theorem and the assumption s > 1 + n 2 . Thus we can consider
These definition is independent of the particular choice of ϕ(t). We note that
∇ is right invariant). This is because if W is right invariant, or equivalently, if
is defined by using the connector on M . This is accomplished in the following way: Let π : T M → M be the tangent bundle of M , π ′ : T 2 M → T M the second tangent bundle of M , namely, the tangent bundle of T M . We write K : T 2 M → T M for the connector induced from the Levi-Civita connection ∇ on M . This is defined by
. Finally, we definē
for smooth vector fields V and W on D s (M ). This definition of∇ coincides with the above one.
Moreover, the right invariant Levi-Civita connection∇ induces the curvature tensorR on D s (M ), which is given bȳ
As in the case of finite-dimensional Riemannian manifold, this is only depending on the values of X, Y and Z at η, in other words, we can defineR
. Therefore the right invariance of∇ implies
where R is the curvature of M . Similarly, the right invariant Levi-Civita connection ∇ induces the curvature tensor R on D s µ (M ), which is given by
where X e = X η • η −1 . These curvaturesR and R are related by the Gauss-Codazzi equations, which imply
for any vector fields X, Y, Z and W on D 
where η is a curve on D s µ (M ) satisfying η(0) = e and η(t 0 ) = p and we setη(t) :
be a two parameter variation of a geodesic η(t) with fixed end points, namely, it satisfies ξ(r, 0) = η(0), ξ(r, t 0 ) = η(t 0 ) and ξ(0, t) = η(t) for t ∈ [0, t 0 ]. We sometimes write ξ r (t) for ξ(r, t).
Then the first and the second variations of the above integral are
The reason why the geometry of D 
with a scalar function (pressure) p(t) determined by u(t). Here gradp (resp. divu) is the gradient (resp. divergent) of p (resp. u) with respect to the Riemannian metric g of M . In this context, the existence of conjugate points along a geodesic η corresponds to the stability of a fluid flow u =η • η −1 . 
is a bounded Fredholm operator of index zero.
In order to consider the existence of a conjugate point, we start with the following proposition, which is proved by Misio lek [8, Lemma 2] in the case of M = T 2 : flat 2-dimensional torus. Although Misio lek's proof can be applied to the case that M is arbitrary compact n-dimensional manifold without boundary, we prove the proposition in such case for the sake of completeness. 
Before the proof of this proposition, we need the following three lemmas.
Proof. By the definition, we have
Since the first term vanishes by the direct sum (2.2) and div W = 0, we have
This completes the proof.
The second term vanishes because the direct sum (2.2) and [
Here, the last equality follows from the fact that η is a volume preserving diffeomorphism. This complete the proof.
Proof of Proposition 2.2. We follow the same strategy in [8, Lemma 2] . The second variation E ′′ along W can be expressed as
For the first term, we have
Thus, Lemma 4 implies
by Lemma 1. For the second term of (2.7),
The Gauss-Codazzi equations imply
Thus, by Lemmas 1, 2 and 3, we have
Because V is a time independent solution of (2.6), in other words, Q e ∇ V V = ∇ V V , we have
Here we used Lemma 2 in the second equality. Therefore, by (2.8), (2.9) and (2.10), we have
From the above lemma, we can naturally extract the key value M C V,W : 
In particular, if k > 1 we have E ′′ (η)
Proof. Proposition 2.2 implies
Rotationally symmetric manifold with positive curvature
In this section, we apply the results in Section 2 to the case that M is a compact 2-dimensional rotationally symmetric manifold with positive curvature, which is defined in the next paragraph. Our main background manifold is a sphere or an ellipsoid. We regard M as a Riemannian manifold with metric g M induced by the usual metric g R 3 of R 3 . We call such Riemannian manifold M rotationally symmetric manifold with positive curvature. The pull-back g := φ * g M of the Riemannian metric g M of M satisfies g 11 = 1, g 12 = g 21 = 0 and g 22 = c 1 (r) 2 , where the index 1 is corresponding to r and 2 is corresponding to θ, namely, g 11 = g(∂ r , ∂ r ), g 12 = g(∂ r , ∂ θ ), etc. We note that C(r) := c 1 (r) is a positive even function by the definition.
For a time dependent vector field u and a time dependent scalar valued function p, the Euler equations of an incompressible and inviscid fluid on M are as follows:
where grad p (resp. div u) is the gradient (resp. divergent) of p (resp. u) with respect to g M and ∇ is the Levi-Civita connection of g M . In the local coordinates, these are given by
where
Recall that we call a vector field V on M a zonal flow if V has the following form:
as a vector field on M . Because V is a time independent solution of (3.1), we have η(t) = exp e (tV ). We now compute the M-criterion, namely, M C V,W :=
Proof of Proposition 3.1. Recall that the index 1 is corresponding to r and 2 is corresponding to θ. Let Γ k ij (1 ≤ i, j, k ≤ 2) be the Christoffel symbols, which is given by
Here we write g −1 = (g ij ) for the inverse of g. In our setting, we have
The other symbols are zero. Then, by the definition, we have
Also, we have
These imply
Then we have
Applying Stokes theorem to the first, fourth, and fifth terms, we have
Recall that
This is equal to
Applying the Stokes theorem to the term
This completes the proof. Remark 5. We can easily relax the condition on V . However we omit its detail here, since we would like to keep the simple statement.
Proof. Set ǫ(r) := (∂ r C) 2 − C∂ 2 r C − 1 and write V = F (r)∂ θ . The assumption of the support of V implies that the support of F is properly contained in
= ∂ r h sin θ. Thus, by Proposition 3.1,
The assumption of F implies that there exists smooth bounded real valued function h = h(r) on r ∈ I d satisfying ∂ r h = 0, h = 0 on the support of F and ∂ r h(r) < ∞ on r ∈ I d . For such h, the last term of the above equality is positive. This completes the proof. 
Remark 6. The proof of Proposition 3.2 implies that #{W
Proof. It is obvious by Fact 1.1 and Proposition 3.2.
The main theorems: ellipsoid and sphere cases
In this section, we investigate the case that M is a 2-dimensional ellipsoid and a sphere, more precisely, M = M a := {(x, y, z) ∈ R 3 | x 2 + y 2 = a 2 (1 − z 2 )} for some a > 1 (having a bulge around its equatorial middle and is flattened at the poles) and a = 1 (sphere). (c 1 (r), c 2 (r) ).
Then we define φ(r, θ) : I d × I π → M a by φ(r, θ) := (c 1 (r) cos θ, c 1 (r) sin θ, c 2 (r)). The pull-back g := φ * g Ma of the Riemannian metric g Ma satisfies g 11 = 1, g 12 = g 21 = 0 and g 22 = c 1 (r)
2 , where the index 1 is corresponding to r and 2 is corresponding to θ, namely, g 11 = g(∂ r , ∂ r ), g 12 = g(∂ r , ∂ θ ), etc. We note that C(r) := c 1 (r) is a positive even function by the definition.
Therefore we apply the results of Section 3 to the ellipsoid case. For this purpose, we firstly show the following:
We note that the gradient of the function x 2 − a 2 (1 − z 2 ) is equal to 2x∂ x + 2a 2 z∂ z . Therefore x∂ x + a 2 z∂ z is a normal vector field of E a . Thus −a 2 z∂ x + x∂ z is tangent to E a . This implies
Thus we havë
2 . This and the assumption a > 1 imply the proposition.
We now recall the first main theorem:
Proof. This is a consequence of Corollary 3.3 and Proposition 4.1 by C(r) = c 1 (r).
Now we investigate the case that M is a 2-dimensional sphere, namely, the a = 1 case. Therefore we have M :
and C(r) := cos r. By Proposition 3.1, we have
dθdr.
Also we now recall the second main theorem:
Proof. By Sobolev embedding theorem, W (1) and W (2) are in C 2 class (see Remark 1). Thus, we can consider the Fourier series of W (j)
. By Lebesgue's dominated convergence theorem, we easily see w
k (r) and w (2) k (r) are, at least, in C 1 class. We note that w
is a real valued function. Here, the bar denotes the complex conjugate. Moreover, by div W = 0, we have
0 (r) = 0. Thus we have w 
0 (r) has singularity at r = 0. This is contradict to the fact that w 
0 (r) ≡ 0. Then we have
Therefore, we have
Existence of a conjugate point and M-criterion
In Section 3, it is observed that there are many W ∈ T e D s µ (M ) satisfying M C V,W > 0 for some fixed zonal flow V (see Proposition 3.2 and Remark 6), where M is a compact 2-dimensional rotationally symmetric manifold with positive curvature. Therefore, it seems to be worthwhile clarify more the meaning of W ∈ T e D s µ (M ) satisfying M C V,W > 0 in the case that dim M = 2. This is the main purpose of this section. Moreover, for the completeness, we also give a proof of M-criterion (Fact 1.1) in the 2D case, which is essentially already proved by Misio lek. We suppose that M is a compact 2-dimensional Riemannian manifold without boundary in this section.
For a positive number t 0 > 0, we define a subspace K 
is the orthogonal complement of K Remark 7. Fact 5.1 implies that, for any t 0 > 0, there exist N ∈ N and t 1 , . . . , t N ∈ [0, t 0 ] such that η(t 1 ), . . . , η(t N ) exhaust all points conjugate to e ∈ D s µ (M ) along η(t) for 0 ≤ t ≤ t 0 . Then we have
Lemma 5. Let M be a compact 2-dimensional Riemannian manifold without boundary. Then for any t ∈ [0, t 0 ], we have a diffeomorphism )) is also a Hilbert space by (iii) and (iv). On the other hand, the restriction T tV exp e to X t induces a bijective linear map, which is also bounded by Fact 2.1, from X t to Y t by (ii). This completes the proof by the open mapping theorem.
Remark 8. This lemma is not true in the case that dim M = 3, see [3, Section 4] .
Recall that we say ξ(r, t) : (−ε, ε)× [0, t 0 ] → D s µ (M ) is a two parameter variation of a geodesic η(t) on D s µ (M ) with fixed endpoints, if it satisfies ξ(r, 0) ≡ η(0), ξ(r, t 0 ) ≡ η(t 0 ) and ξ(0, t) = η(t). We sometimes write ξ r (t) for ξ(r, t). : exp e (U t ) → U t . Set U := t∈[0,t0] U t , then we have tV ∈ U for any t ∈ [0, t 0 ] because tV ∈ U t ⊂ U . Thus, we have exp e (tV ) ∈ exp e (U ), namely, ξ(0, t) = η(t) ∈ exp e (U ). Then, we can assume Image (ξ) ⊂ exp e (U ) by taking smaller ε > 0 because exp e (U ) is open in E t0,⊥ η and Image (ξ) is contained in E t0,⊥ η by the assumption. Therefore we can define a curve c r (t) := log e ξ r (t) and ℓ r (t) := |c r (t)| = (c r (t), c r (t)) TeD s µ (M) . Then we have ℓ r (0) = 0, ℓ r (t 0 ) = t 0 |V | and c r (t) = ℓ(t) cr(t) |cr(t)| . Thus, we obtaiṅ c r (t) =l r (t) c r (t) |c r (t)| + ℓ r (t) d dt c r (t) |c r (t)| .
Then, for any r ∈ (−ε, ε), we have |ξ r (t)| = d dt ( exp e c r (t)) = T cr(t) exp e (ċ r (t)) = |ċ r (t)| ≥l r (t) 2 .
In the third equality, we used Gauss's lemma or [ 
